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BI-LIPSCHITZ EMBEDDING OF THE GENERALIZED 
GRUSHIN PLANE INTO EUCLIDEAN SPACES 

MATTHEW ROMNEY AND VYRON VELLIS 


Abstract. We show that, for all a > 0, the generalized Grushin plane 
Gq is bi-Lipschitz homeomorphic to a 2-dimensional quasiplane in the 
Euclidean space where [a] is the integer part of a. The target 

dimension is sharp. This generalizes a recent result of Wu [22] . 


1. Introduction 


The classical Grushin plane G is defined as the space equipped with the 
sub-Riemannian (Carnot-Caratheodory) metric djj generated by the vector 
fields 

X\ = (9a;i and X 2 = X\dx 2 - 


This means more precisely that the distance between points p,q € G is 


= inf / \ 

^ Jo xi{t) 

where the infimum is taken over all paths 7 = {xi{t), X 2 {t)): [0,1] —)• G, with 
7 ( 0 ) = p and 7 ( 1 ) = q, that are absolutely continuous in the Euclidean met¬ 
ric. The Grushin plane is one of the simplest examples of a sub-Riemannian 
manifold, as well as a basic example of the almost Riemannian manifolds 
studied by Agrachev, Boscain, Gharlot, Ghezzi, and Sigalotti [ 2 ], m- For 
additional background on the Grushin plane and sub-Riemannian spaces in 
general, see Bellaiche [ 6 ]. 

Recently, Seo [18] proved a general characterization of spaces admitting a 
bi-Lipschitz embedding into some Euclidean space M”, from which it follows 
that G admits such an embedding. In contrast, the Heisenberg group can 
not be embedded bi-Lipschitz in any Euclidean space m- While Seo’s result 
does not give the optimal target dimension, Wu |22| constructed an explicit 
bi-Lipschitz embedding of G into M^, where the dimension 3 is the smallest 
possible. 

In the present article, Wu’s result is extended to the generalized Grushin 
plane G^, a > 0, studied hrst by Franchi and Lanconelli HD. Similarly to 
d(G, the metric is generated by the vector fields 

Xi = dxi and X 2 = \xi\°‘dx 2 - 

For integer values of a, |xi|“ can be replaced by xf and the space Gq 
is a sub-Riemannian manifold of step a -|- 1. For noninteger values of a, 
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this space is technically not sub-Riemannian, but this distinction does not 
matter for the purposes of this paper. Meyerson HSj and Ackermann [I] 
have shown that Gq, is quasisymmetric to the Euclidean space for any 
a > 0. Moreover, it can be deduced by Seo’s theorem [T 8 l Theorem 4.4] 
that Gq, is bi-Lipschitz embeddable into some Euclidean space when a > 0, 
though without identifying the smallest target dimension. 

In this paper, we construct for each a > 0 a bi-Lipschitz embedding of 
Gq, into where [a] is the greatest integer that is less or equal to a. A 

point of interest in both Wu’s and our construction is that the image of Gq 
is a quasiplane in 

Theorem 1.1. For all integers A” > 0 and n > 1, there exists L > 1 
depending only on N, n sueh that for any a G [N, N + there exists an 

L-bi-Lipschitz homeomorphism of Gq onto a 2-dimensional quasiplane Va 
in . 


A k-dimensional quasiplane V in M"", with k < n, is the image of a k- 
dimensional hyperplane in M"" under a quasiconformal self-map of MF. Com¬ 
plete characterizations of these spaces in terms of their geometric structure 
exist only for n = 2, /c = 1 by Ahlfors [Ij. While such intrinsic characteriza¬ 
tions have been elusive for n > 3, several intriguing examples of quasiplanes 
and quasispheres have been constructed nmniiniiiaiiiiEiiES]. 

A couple of remarks are in order. The target dimension A -|- 2 = [a] -|- 2 
in Theorem o is minimal. Indeed, by the singular line {xi = 0} of 

Gq is bi-Lipschitz homeomorphic to the “snowflaked” space (M, | • 
which, by a well-known theorem of Assouad O Proposition 4.12], embeds 
bi-Lipschitz into with the target dimension [a] -|- 2 being the smallest 

possible when a > 0. It is noteworthy that, for a > 0, Gq embeds in the 
same Euclidean space that its singular line embeds in. 

The same result of Assouad also justifies the dependence of the constant 
L on n. Eor if there was a uniform L such that Gq was L-bi-Lipschitz 
embeddable in for all a G [A, A -|- 1), then by a simple Arzela-Ascoli 

limiting argument (see Lemma 5.4), it would follow that Gat+i, thus the 
singular line in Gat+i, is also embeddable in which is false. 

The following corollary is an immediate consequence of Theorem [Tti 

Corollary 1.2. // a G [0,1) then Gq is bi-Lipschitz homeomorphie to M^. 


Therefore, Gq is bi-Lipschitz homeomorphic to G^ whenever a, ^ € [0,1). 
In contrast, if a > 1 then Gq has Hausdorff dimension a -|- 1, and is bi- 
Lipschitz homeomorphic to G^ only when a = ft. Combined with the 


Beurling-Ahlfors quasiconformal extension [7j, Corollary 1.2 yields the fol¬ 
lowing result. 


Corollary 1.3. If a G [0,1), then any bi-Lipsehitz embedding of the singular 
line o/Gq into extends to a bi-Lipschitz homeomorphism o/Gq onto 

An alternative proof of Corollary |1.2| along with new results on questions 
of quasisymmetric parametrizability and bi-Lipschitz embeddability of high¬ 
dimensional Grushin spaces can be found in a recent paper of Wu [23] . 
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1.1. Outline of the proof of Theorem Q The proof of Theorem |1.1| 
comprises two parts. In Section 5.1 we show Theorem |1.1| for rationals 


a > 0 and in Section 5.2 we use an Arzela-Ascoli limiting argument to prove 


The proof of Corollary 1.3 is also 


Theorem 1.1 for all real values a > 0. 
given in Section 

Much of the proof of Theorem o for rational a > 0 follows the method 

of Wu in [22]. The crux of the proof is the construction, for each rational 

a € [N,N + of a quasisymmetric mapping Fa : —)• such 

that in each ball B{x, ^ dist(x, {0} x M)), Fa is the product of dist(x, {0} x 
_ 1 

M) i+“ and a A-bi-Lipschitz mapping with A depending only on N, n. Such 

a mapping is snow flaking on {0} xM C xM (i.e. \Fa{x) — Fa{y)\ — 

1 

|x—y| for all x,y £ {0} xM) and maps the 2-dimensional plane Mx {0} xM 

onto a quasiplane Va- Composed with a quasisymmetric homeomorphism 
of Ga onto we obtain a bi-Lipschitz homeomorphism fa of G^ into Fa- 
The quasisymmetric mappings Fa are constructed in Sectionj^by iterating 
a finite number of bi-Lipschitz mappings 0 which are defined in Section as 
in [22j . However, a straightforward generalization of Wu’s method, without 
additional care, would give no control on the local bi-Lipschitz constant A 
(thus on the bi-Lipschitz constant of fa), and the proof of Theorem o for 
irrational values of a would not be possible. To overcome this issue, we 
construct in Section [^ two sets of bi-Lipschitz mappings 0^, corresponding 
to z = 0 and z = N + , and then periodically alternate between these 

when constructing the quasisymmetric mapping Fa- 

Our inability to define Fa for irrational a > 0 is the reason for considering 


the irrational case separately; see Remark 4.6 


Acknowledgements. The authors are grateful to Jang-Mei Wu and 
Jeremy Tyson for suggesting this problem and for valuable discussions. 


2. Preliminaries 

A homeomorphism f:D —)• D' between two domains in M"" is called 
K-quasiconformal if it is orientation-preserving, belongs to IL[o”(T>), and 
satisfies the distortion inequality 

\Df{x)f < KJf{x) a. e. X G D, 

where Df is the formal differential matrix and Jf is the Jacobian. 

An embedding / of a metric space {X, dx) into a metric space (T, dy) is 
said to be y-quasisymmetric if there exists a homeomorphism rj: [0,oo) —>■ 
[0, oo) such that for all x,a,b £ X and t > 0 with dx{x, a) < tdx{x, b), 

dY{fix),f{a)) < T]{t)dY{f{x),f{b)). 

A quasisymmetric mapping between two domains in M” is quasiconformal. 
On the other hand, a quasiconformal mapping defined on a domain D C M”' 
is quasisymmetric on each compact set E £ D. In M"' the two notions co¬ 
incide: if / : M”' —>■ MF is AT-quasiconformal then it is r/-quasisymmetric for 
some rj depending only on K, n. For a systematic treatment of quasiconfor¬ 
mal mappings see [T^ . 
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A mapping f: X ^ Y between metric spaces is L-bi-Lipschitz if there 
exists a constant L > 1 such that L~^dx{x,y) < dY{f{x),f{y)) < Ldx{x,y) 
for all x,y ^ X. 

In the following, we write u < v (resp. u ~ u) when the ratio u/v is 
bounded above (resp. bounded above and below) by positive constants. 
These constants may vary, but are described in each occurrence. 

3. Basic geometric constructions 

This section extends the construction by Wu [22] to higher-dimensional 
targets; the notational conventions follow those of Wu as much as possible. 
Our goal is to build certain annular tubes and bi-Lipschitz maps between 
these tubes which are used in Section]^ to define quasiconformal homeomor- 
phisms of These constructions are based on examples of Bonk and 

Heinonen jUj and Assouad |^. 

3.1. Definitions and notation. An N-cube C is the product Ai x • • • x Ajv 
of bounded closed intervals Aj C M of equal length. A j-face of C is a product 
A)^ X • • • X A)y where, for j indices. A' = Aj and for the other N — j indices 
A' is an endpoint of Aj. The 0-faces of a cube C are its vertices. 

For an A-cube C and integer 0 < k < N, we define a k-flag of C to be a 
sequence where is a j-face of C and C for all 1 < j < fc. 

Observe that for A-cubes C and C and (A — 2)-flags {C^} and there 
exists a unique orientation-preserving similarity 'll: : —)• such that 

V’(C) = C and for each 0 < j < A — 2. 

For a point x = (xi,..., xx) £ and a number r > 0, define the cube 

C^{x, r) = [xi — r/2, xi -|- r/2] x • • • x [xat — rl2,xx + ?’/2] 

and denote = C'^(0,1) where 0 here denotes the origin in R'^. 

Slightly abusing the notation, we define for two numbers 0 < r < i? < oo 
the cubic annulus 

A^{r, R) = \ = l-R/2, R/2]^ \ (-r/2, r/2)^. 

Here and for the rest, for X C R'^ and c > 0, we write cA = {cx : x G A}. 

Finally, for a polygonal arc £ C R^ and some e > 0, define the cubic 
thickening of I 

T^(l,e) = [jCN(x,e) 

where the union is taken over all x G £ such that their distances from the 
endpoints of £ are at least e/2. 

For the rest of Section we fix integers A > 0, n > 1 and set 

P = PN,n = N + -—- and M = Mx,n = 
n 

The dependence of quantities and sets on A, n is omitted whenever possible. 

3.2. Blocks. Let I C x [0,1] be the straight-line path from (0,..., 0) 
to (0,..., 0,1) and L C x [0,1] be the straight-line path from (0,..., 0) 
to (0,..., 0, 2) concatenated with the straight-line path from (0 ,..., 0, 2) to 

(i,0,...,0,i). 

We define three types of blocks that are used throughout the paper: 
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(1) the I-block Qj = x [0,1]; 

(2) the L-block Ql = r^+2(L, 


= -X 0, - ) U ( 1 X - 


(3) the regular block Q = x [0,1]. 

On each of these blocks, the entrance, exit and side are defined as follows. 

(1) The entrance of Qj is en((5/) = <5/0 {xn +2 = 0}, 

(2) the exit of Qj is ex{Qi) = Qi Cl {xn +2 = 1}, 

(3) the side of Qj is s{Qj) = dQj \ {en{Qi) U ex{Qi)). 

Analogous definitions can be made for Ql and Q with the difference that 
the exit of Ql is ex((5L) = Ql A {xi = 5 }- These definitions are applied to 
images of the respective objects under similarity maps. For a similarity map 
h and I G {/i(/),/i(L)}, we write Qi in place of h{Qj) or h{QL)- We call 
Qi the block associated with the segment i; note that Qi naturally inherits 
a direction from i. 


3.3. Cores. From each block Qj, Ql and Q we remove a core from its 
interior, which we describe in this section. 

In Section]^ we construct a simple polygonal path Jj = Ji{N,n) C Qi 
from (0,..., 0,0) to (0,..., 0,1) consisting of many I- and L-segments 

£ 1 ,... ,£]^i+p of length 1/M labelled according to their order in J/ with the 
following properties. 

(1) The segments ii, and I'(mi+p+i )/2 /-segments. 

(2) For all 1 < m < Qi^ n Qi^j^-^ is the exit of Qi^ and the 

entrance of Qi^^^. If 1 < l,m < and \m — l\ > 1 , then 

Qi^nQi,=(l>.’^ 

(3) en{Qi^) = Qi^ n dQi C en(Q/) and ex{Qi^^^^^) = Qi^^^+p n dQi C 

ex{Qi). For 2 < m < n QQj = 0 . 

(4) Jj is symmetric with respect to the plane xn +2 = 5 - 

(5) J] is unknotted in Qj, in the sense that there every bi-Lipschitz 
homeomorphism 0 : {dQj,Ji) —)• {dQ,I) extends to a bi-Lipschitz 
homeomorphism 0 : Q/ —)■ Q. 

Similarly, in Sectionj^we construct a simple polygonal path Jl = JL{d^, n) C 
Ql satisfying the same properties, except that /(mi+p+i )/2 is an L-segment 
and Jl is symmetric with respect to the plane xi -t- xi<i +2 = 5 - 
Given Jj = IJm=i^ above, define the core 

^piQi) = [J Qi^= 

m=l 

We similarly define the core Kp{Ql)- The entrance, the exit and the side of 
i^piQi)^ p^piQi) are canonically defined. A second set of cores ko{Qi), ko(Ql) 
in Qi.,Ql, respectively, is defined as follows. Write I = IJm=i with 
£m = {0} X [m — 1, m] C x I and set 

^o{Qi)= U = 

m=l 
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Similarly write L = IJm=i ^'m where is an L-segment if m = 

and an /-segment otherwise; and each has length 1/M. Set ko{Ql) = 

To simplify the notation, in what follows we write Qm instead of . 
Two types of cores are similarly defined for the regular block Q. For each 
z G {0,p} let 

k,(Q) = (M-i-^e:'^+^)x[o,i] 

which is composed of consecutive blocks 

Qm = M~^~^ (e:^+i X [m - 1, m]) , m = 1,..., M^+^. 

3.4. Flag-edges. We introduce in this section flag-edges and flag-paths, 
which generalize the edges and edge paths used by Wu [22l Section 2.3] to 
blocks of arbitrary dimensions. These play an important bookkeeping role 
later when defining bi-Lipschitz maps between annular tubes. 

For the rest fix an {N — l)-flag To = of We call the 

collection of faces ej-g = x [0,1]}^/)^ a flag-edge on Qj. 

Before defining flag-edges on Ql, we hrst define faces on the side s{Ql) 
inductively. If = (xi,..., xat+i), Xj G is a 0-face of en{QL) 

then define the L-type path 

= ({(Xl, . . . , XN+l)} X [0, ^ -Xi]) U ([Xi, X {(X2, . . . , XAT+l, ]^-Xi)}. 

Suppose that for every j-face of en(Qi), the set P{C^) has been defined. 
Let be a {j -|- l)-face of en(Qi) and let C(,... be the j-faces 

of Then define to be the union of all line segments with 

endpoints on \Ji=i^^^ -P(^i) that lie entirely on s(Ql). We call P(C^~^^) a 
(j -|- 2)-face on dQi. 

Let now T = be an (N — l)-flag of We call the collection 

a flag-edge on Ql- 

We now define flag-paths along the cores Kz{Qi), Kz{Ql) for each value 
z G {0,p}. We start with the Ql case. Rescaling an (T — l)-flag P of 
we obtain an (T — l)-flag Ti on the entrance of the first block Qi of Kz{Ql)- 
For a j-face G Pi define P{Cl) C s(Qi) as above and note that P(C() 
defines uniquely a j-face C2 on the entrance of the block Q 2 . Continuing 
inductively we obtain j-faces Cm on en(Qm) and (j -|- l)-faces P{Cm) on 
s(Qm)- Define the flag-path wjr = {Um=i ■ For each block Qm 

in Kz{Ql), m G {1,..., M^+^}, we call wj^C\ Qm the Taavked flag-edge of Qm 
derived from the data {QlPt)- 

A corresponding flag-path is defined similarly for HziQi)- For this 
we use the flag Pq instead of an arbitrary [N — l)-flag P of 

In addition, let e = {C^ x [0,1] : Cj G To} be a flag-edge of Q and 
w = X [0,1] : Cj G To} be a flag-path along k2(Q). As before 

we omit the dependency on 2: in the notation for w. 

3.5. Annular tubes. For each 2; G {0,p}, define the annular tubes 


TziQi) = Qi\ HziQi), Tz{Ql) = Ql\ Kz{Ql) and t2(Q) = Q \ k2(Q). 










BI-LIPSCHITZ EMBEDDING OF THE GENERALIZED GRUSHIN PLANE 


7 


For Q G {Qi-, Ql}, we define the entrance and exit of each Tz{Q) as en((5) n 
Tz{Q) and ex(Q) n r^(Q), respectively. These are isometric to the cubic 
annulus A = remaining part of dTz{Qi) is composed 

of the side s(Q/) of block Qi and the side s{k,z{Qi)) of the core Kz{Qi)- The 
boundary of Tz{Ql) can be similarly partitioned. 

Define similarly the entrance and exit of t^(Q). These are isometric to 
the cubic annulus , 1). Note that depends on z while 

A does not. 

If cr is a similarity mapping of Qi onto some block a{Qi), we denote 
by Hz{o'{Qi)) the image cr{nz{Ql)) with z G {0,p}. The sets Kz{cr{QL)), 
k^((T(Q)), Tz{cr{Qj)), Tz{(7{Ql)) and tz((T(Q)) are defined similarly when a 
is a similarity mapping. 


3.6. Bi-Lipschitz maps between annular tubes. For each z G {0,p}, 
each Q G {Qi,Ql}, and every {N — l)-flag T of we define in this 

section bi-Lipschitz homeomorphisms Qf : {tz{Q),e,w) —)> {Tz{Q),ej^,wjr) 
where = Tq ii Q = Qj. 

The construction of these maps is performed in 4 steps. In Step 1 we define 
the mappings on s(Q), in Step 2 we define them on s(k2(Q)) and in Step 3 
we define them on the entrance and exit of t2(Q). Combining the first three 
steps we obtain bi-Lipschitz mappings 9^ : {dtz,e,w) — {dTz{Q),ejr^wjr). 
Finally, in Lemma 3.1 we extend the mappings on the whole t2(Q). 

For each {N — l)-flag J- of let be the unique rotation on 

that maps 61'^+^ onto itself and T onto To- 

Step 1. Define : (s(Q),e) (s(Q/), ej-J by 0^°{x,t) = i^^x,t), 

where x G and t G [0,1]. To define 9^ onto (s((5L),ej-) first observe 

that s(( 5 l) is the union of L-type 1-fibers 


, , , M-2 ,, 

Lx =({ ^ (xi,...,g;jv+i)} X [0,1/2- 

M-2 M-2 

U ([ xi,l/2] X {(0, ...,0,1/2) H- ■j^{x2,...,XN+i,-xi)} 

where x = (xi,... ,XAr+i) G Similarly, s(Q) is the union of 1-fibers 

Ix = {x} X [0,1] where x G Dehne 9^ on s(Q) by mapping each Ix to 

L^jr(x) by arc-length parametrization. Note that for this step, the mappings 
9^ do not actually depend on z. 

Step 2. We extend each 9^ to the inner side s(k5;(Q)) of 5t^(Q). Given 
a block Qrn of k^(Q) let Cl” be the similarity map in that maps 

(Q,e) onto (Qm,wn Qm). Similarly, given a block Qm in the core Kz{Q), 
let s{Qm) be the marked flag-edge wjr n Qm derived from {Q, ejS) and let 
(T™ : {Q{Qm) {QraAiQm)) be a similarity map for some unique 
QiQm) £ {Qi,Qj} and (N—l) flagT((5m) ofC^"''^. (The dependence of fi™ 
on T is omitted to simplify the notation.) Define now 9^ on the inner side 
s(k^(Q)) by taking 9^ |s(Qm) = cr™ o ^ (^™)-i for all 1 < m < M^+^. 

Since the union of marked flag-edges of the Qm is the flag-path tcj-, the map 
9^ is defined consistently on the intersection of consecutive blocks and thus 
is well-defined. 









MATTHEW ROMNEY AND VYRON VELLIS 


Step 3. For each {N — l)-flag T of let 4>^ : —)• A with 


{xt) = 


M -2 / M - 1 


M 


M - M- 


:(t- 1) + 1 ‘ipjrix) 


where t G [M ^ ^,1] and x G Define 6^ on the entrance and exit 

of tz{Q) by 4>^ modulo an isometry chosen in such a way that the mappings 
: (at,(Q),e, w) —)> {dTz{Q),ej^,wj^) are homeomorphisms. Then 9^ are 
in fact bi-Lipschitz. 

The final step in the construction of the mappings 0^ is given in the next 
lemma. 


Lemma 3.1. Every hi-Lipschitz map 6^ extends to a bi-Lipschitz map 
ef : (D(Q),e,w) ^ {Tz{Q),ejr,wjr). 

We verify the lemma first for z = 0. li Q = Qj then define 0^° : to(Q) —>■ 
MQi) with 0^°(xt,t') = i4>o,Toi xt),t'). Q = Ql then note that tq{Qi) is 
the union of 1-fibers Ix and tq^Ql) is the union of 1-fibers Lx where Ix,Lx 
are as in Step 1 and x G {M~^ , 1). Let 9jr : ro{Qj) —)■ to(Ql) 


be the bi-Lipschitz mapping that maps each Ix 
parametrization. Set 0^ = 6jr • 


oef«. 


to by arc-length 


The proof of Lemma 3.1 when z = p relies on the structure of the paths 


Ji, Jl and is deferred until Section 6.3 


4. QuASISYMMETRIC SNOWFLAKING HOMEOMORPHISMS IN 
The key part of the proof of Theorem 


1.1 


for a rational a G [N, N -|- 
is the construction of a quasisymmetric mapping Fa: —)• that 

maps Whitney squares of a 2-dimensional plane of into sets which are 

bi-Lipschitz homeomorphic to the Whitney squares of Gq. 


Proposition 4.1. For all integers N > 0 and n > 1, there exists A > 
1 depending only on N, n satisfying the following. For each rational a G 
[N,N + there exists an rj-quasisymmetric map Fa : —>■ 

with 7} depending only on N, n such that, 

(4.1) 1^ i|a;'|) is \-bi-Lipschitz 

for all X = {x',x”) G x M with \x'\ / 0. 


The mapping Fa is j^-snowflaking on {0} x M C x 


Corollary 4.2. Let Fa '■ —)• he the mapping of Proposition fA 

Then, there exists A' > 1 depending only on N, n such that 

(A')“V -y\A^ < \Fa{x) - Fa{y)\ < A'|x - y\A^ 
for all X = {x',x"),y = {y',y") G xM with \x'' — y''\ > i max{|x'|, |y'|}. 


Proof. Let x = {w,x") and y = {w,y'') where w G satisfies |r(;| = 

3|x —?/|. Note that |x — y| 

Fa{y)\ |tc| 


|x —x| ~ \x — y\. By (4.1) we have that \Fa{x) — 


'\+a\x — y\ and applying the fact that Fa is quasisymmetric 
twice (to the points x,y,x and to the points x,x,y), \Fa{x) — Fa{y)\ ^ 
\Fa{x) - Faiy)\ \x - y\A^. □ 
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The rest of this section is devoted to the proof of Proposition |4.1 
mentioned in Section [13 the construction i 


As 

in [22] can be used to deduce 
Proposition 4.1 for all rational a G [A^, + 1) but with no control on A and 

r]. For this reason, while in |22| the mapping FA, for a = 1, is obtained by 
iterating one family of bi-Lipschitz mappings here FA is obtained by 
a periodic iteration of 2 families of bi-Lipschitz mappings 0^ (for the two 


4.1 


values z G {0, A^ -|- in the alternating fashion of Section 

For the rest we fix integers A^ > 0, n > 1 and a rati ona l 

[N,pN,n] where, as before, pN,n = N + ^ _ 

map FA on the block Q and in Section 4.3 we extend it in all 


number a G 
we define the 


4.1. A preliminary arrangement. Suppose that —^ for some 

a, 6 G N. Using the next lemma we create a periodic sequence {zk)k>i that 
takes only the two values 0,PN,n and \zi + - ■ ■ + Zk — ka\ < pN,n for all /c > 1. 

Lemma 4.3. Suppose that y < z < x are such that (a -|- b)z = ax + by for 
some nonnegative integers a,b. Then, there exists a finite sequence {zk)i'^^ 
which has a terms x and b terms y such that, for all k = 1,... ,a + b, 

(4.2) \zi-\ - \-Zk - kz\ < X - y. 


Proof. We may assume that a,b 0; otherwise the claim is immediate. 

Define Zk inductively as follows. Set zi = x. Suppose that the terms 
zi, ... ,Zk have been defined; zi + ■ ■ ■ + Zk > kz, set Zk+i = y and if 
zi + ... Zk < kz, set Zk+i = X. 


Suppose that for some ko < a + b, the sequence {zi, ... ,2:^^} contains 
exactly b terms y. Then, zi + ■ ■ ■ + Zk^ — koz = {a + b — kQ){z — x) < 0 and 
thus, 2 ;a:o+i = X- Similarly, z*, = x for all A; = /cq -|- 1,..., a -|- 6 and {zk)i'^^ 
has exactly b terms y and a terms x. The same arguments apply if, for some 
ko < a + b, the sequence {zi, ..., contains exactly a terms x. 

To show (4.2) we apply induction on k. If A: = 1 then \zi — z\ = \x — z\ < 
X — y. Suppose that (4.2) is true for some k < a + b. Without loss of 
generality, assume that zi + ■ ■ ■ + Zk — kz > 0. Then, Zk+i = y and 


y-x<y-z<zi-\ -1- Zk+i - {k + l)z < {x - y) + {y - z) < x - y. □ 


By Lemma 4.3, there exists a sequence {zk)i~^^ having a terms pN,n and 


b terms 0 such that, for each A: = 1,..., a -|- 6 , 


1 21 4 - \- Zk - ka\ < pN,n- 

Extend Zk to all A; G N with Zk = Zk' k = k' mod {a + b). 


4.2. A quasiconformal map on Q. We define a quasiconformal mapping 
/ : (Q,e) —)• {Qucj^q), iterating the mappings 0^ as in |22l Section 2.6]. 

Set Ko = t(Q) and for A: > 1, 

K_fc = X [0,1]. 

Moreover, dehne T-k = K_fc \ K_fc_i with A: > 0. Then 

Q = ({0}x[0,l])uUT_fc. 

k>0 











10 


MATTHEW ROMNEY AND VYRON VELLIS 


Set also Ko = Qi, K-i = Kz^{Qi), and To = Ko\K-i = Tz^{Q). Let 
/iTo = : To To noticing that Tq = t^i(Q). 

For every I G [1, let £i be the marked flag-edge on Qi derived from 

(Q/jCj'o)) let : {Q{l),ejz(^i^) —)■ {Qi,£i) be the similarity mapping 


defined in Section 3.6 where Q{1) G {Qi,Ql} and J^{1) is a {N — l)-flag of 
The similarity induces naturally a core Kz 2 iQi), consequently a 
tube Tz^iQi) = Qi\ Hz 2 iQi) to each block Qi in iL_i. 

Set K _2 = Ui i^z 2 iQi) and r_i = iL_i \ K _2 = U; 'Tz 2 iQi)- Since T_i = 
|J;t/, the mapping /|T_i ; T_i —)• r_i is defined by gluing together homeo- 
morphisms 


/lb = o o (Cij ^ : ti 


'Z2 


m 


3.6 


where : (Q, e) —)■ (Qz, w n Qz) is the similarity defined in Section 

The union W-i of marked flag-edges £i is a flag-path along Kz 2 {Qi) going 
from {(^Ct) X {0} : G To} to x {1} : G To}, and 

the restrictions of /|tz to the entrance and to the exit of tz are identical 
modulo isometries for all 1. Hence, we conclude that the gluing, therefore 
the homeomorphism /|T_i, is well-defined. We now have the extension 
/ : To U T_i —)■ To U T_i. 

For the next step, the index I in the previous step is replaced by li. 

Fix li G {!,... Associated to each of the blocks Qzi,Z 2 

(1 < /a < in the core azi = >^z 2 {Qh): fde process of defining /jtzj 

has uniquely defined a core ztZj^Za = i<-z 3 {Qh,i 2 ), a tube = Tz 3 {Qi^,i 2 ), a 
marked flag-edge ezi,Z 2 ) a block Q(/i, Za) G {Qi.Qj}, an (T-l)-flag T(/i,/a) 
of and a similarity mapping 

Ti ’,22 ■ ^2), Cj'(Zi,Z 2 )) ^ {Qll,l 2 T ^11,12) • 

Similarly, we define for each I 2 = 1,..., a similarity mapping 

Ci/,22 : (Q,e) (Qzi,Z 2, w n Qzi,z2)- 

The union PF_a of these 7 ^^ 2 + 21+22 marked flag-edges is a flag-path along 
T_a from {{^C^) x {0} : G To} to {{^a) x {1} : G To}, and 

the union K -3 of the cores of these new blocks is a topological 

{N + 2)-cube. Set T_a = T_a \ T_ 3 . We now extend / : To U T_i U T_a —>■ 
To U T_i U T_a by gluing together the homeomorphisms 


/|bl,Z2 = f^iv,22 ° 


^3 


,h) 




Continuing this process inductively in a self-similar manner, we obtain a 
homeomorphism / : Q \ ({0} x [0,1]) —)• Q/ \ 7 , where 7 is the snowflake 
open curve 7 = ^-k- 

Lemma 4.4. There exists C > 1 depending only on N, n such that 
is C-bi-Lipschitz on each of the tubes in T_fc. 

Proof. The scaling factor of each Czu'.'.'.’jz^. is and the scaling 

factor of each is M~^. Moreover, only a finite number of differ¬ 

ent bi-Lipschitz map pings 0^ have been used in the definition of /. There¬ 
fore, by Lemma 4^, is C-bi-Lipschitz on each of the 

tubes in T_fc, for some constant C > 1 depending on M, pN,n, and the bi- 
Lipschitz constants of the maps 0f, 0^ ^; thus C depends only on N,n. □ 
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Hence, the mapping / : Q \ ({0} x [0,1]) —)• Qj \ 7 is iT-quasiconformal 
for some K depending only on N, n. By a theorem of Vaisala for removable 
singularities [191 Theorem 35.1], / can be extended to a iT-quasiconformal 
mapping from Q onto Qi. 


Remark 4.5. Note the following self-similar property on I-blocks: whenever 
Qh,...,ia+b I-block of K_a-b then 


(4.3) 




+ b * 


In particular, the periodicity of {zk} with period a + 6 implies the period¬ 
icity of / (up to similarities) to tubes and when 

Qiu-,ik+a+b are /-blocks. 

Finally, note that the snowflake curve 7 = U^i ^-k is the image of the 
line segment {0} x [0,1] under /. 


4.3. Quasiconformal extension to We now extend the mapping 

/ : Q —7- <5/ to a quasiconformal homeomorphism of by backward 

iteration. 

Fix an /-block in some core of Qi with h 7^ 


Such a block exists by the first property of the path Jj in Section 3.3 


Let C = be the similarity in that maps (Q, e) to (Qzi,,,,,z^_,_j, wPl 

Qzi,.and a = be the similarity in M^+2 j^g^pg 

Note that C has a scaling 


4.2 


to (Qzi,...,z„+6,R^j-o Qh,...,ia+b) as in Section 

factor and a has a scaling factor 

Because k ^ l,M^+^% the space is the union of an increasing 

sequence of /-blocks and regular blocks 

in>A'+2 


U = U 


fc >0 


fc >0 


li li = 1 for all i = 1,..., a -|- 6 or h = for all i = 1,..., a -|- 6 then 

these unions would be proper subsets of 

Define homeomorphisms : C~^Q —)• a A: > 0, by 

(4.4) o / o 

The self similar property ( |4.3| ) implies that / o ((^|Q = a o f. Therefore, 
o / o C^IQ = / for all zfc > 0, and = i?(D for 

all k' > k > 0. Thus, the mapping = lim^^oo —)■ 

is well-defined. Moreover, since all mappings F^^'i are //-quasiconformal. 
Fa is //-quasiconformal and therefore. Fa is 7-quasisymmetric for some rj 
depending only on N, n. 


Remark 4.6. The backward iteration depends on the fact that a is rational. 
In fact, for any real number a G [N,p]\f^n], the arguments of Lemma 4-3 
can be used to find a sequence {zk)k>o having terms in {0,pAr^„} such that 
\zi + Zk — ka\ < pN,n for all k > 0. Therefore, a quasiconformal map 
f ■ Q ^ Qi can be constructed as in Section 4_^' However, if a is irrational 
the sequence {zQ is not periodic and the backward iteration cannot be used 
to extend this map in all 


We show now that the quasisymmetric mapping F^ satisfies (4.1). 
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Proof of Proposition \4-l\ By the self similar property ( |4.4[ ) and the scaling 
factors of C,<t, it is enough to show (4.1) only for x = {x',x") G Q with 
/ 0. Suppose that x G Then, B{x,\\x'\) intersects at most m 


\x 


annulus tubes ti^--iy for some m depending only on M, thus on N,n. Since 

□ 


|x'| ~ M ^ ■■■ ' 2 :^ M we deduce (4.1) by Lemma 

5. Proof of Theorem 11.11 


4.4 


In this section we give the proof of Theorem Using Proposition |4.1[ 
we first show in Section |5.1| the theorem when a > 0 is a rational number 
and then, in Section |5.2[ we prove the theorem for all real numbers a > 0 
applying an Arzela-Ascoli limiting argument. 

Assuming Theorem [13 the proof of Corollary 1 1.3 1 is as follows. 


Proof of Corollary \1.3[ Suppose that a G [0,1) and 5 is a bi-Lipschitz em¬ 
bedding of the singular line T = {xi = 0} C into M^. We show that g 
extends to a bi-Lipschitz embedding of G^ onto M^. _ 

Let /: Ga —?• be the bi-Lipschitz mapping of Theorem |l.l[ Then, (7(r) 
and /(T) are quasilines in and g o f~^ is a bi-Lipschitz homeomorphism 
between these quasilines. Consider an ry-quasisymmetric mapping /i : M —)• 
/(P). By the Beurling-Ahlfors quasiconformal extension [7], there exists a 
iL-quasiconformal extension F : —)• of h, with K depending only on 
g that satisfies 

diamF(/) ~ |L)F(x)| diamJ 

for every arc / C M x {0} and every point x G for which dist(x,/) ~ 
|I|. Here the ratio constants depend only on g. Similarly, there exists a 
quasiconformal mapping G : —)> extending g o f~^ o h satisfying the 
properties of F. 

We claim that F = G o F~^ o / is bi-Lipschitz extension of g. Indeed, 
for any point x G we have |IlF(x)|/|ZlG(x)| ~ diamP(/)/diamG(/) 
for some suitable / C M x {0}. Since g o f~^ is bi-Lipschitz, the last ratio 
is comparable to 1. Therefore, \DF{x)\ ~ |IlG(x)| and G o F~^ is bi- 
Lipschitz. □ 


5.1. Proof of Theorem ll.il when a is rational. We first recall two basic 
properties of the generalized Grushin metric. 

The dilation property states that for any a > 0 and any <5 > 0, 

dG^{{5xi,5^^^X2), ((5yi,(5^+"y2)) = Mg^{{xuX 2 ), (^ 1 , 2 / 2 ))- 

This can be found in [6] for the case a = 1, but it applies equally to the case 
of arbitrary a > 0. 

Given x = (xi,X2),y = (2/1,2/2) £ G^ we define the Grushin quasidistance 
n ! \ I I , • /i \x2-y2 

da[x, y) = xi - 2/1 + mm < \x 2 - 2/2 ^—r;— 

I Hir 

It is well-known that the quasidistance da{x,y) is comparable to dQ^{x,y)] 
see e.g. m Theorem 2.6]. In fact, the following result holds true. 



Lemma 5.1. For each m > 0 there exists G{m) > 1 such that for all 
a G [0, m] and all x,y G Gq 

C{m)~^da{x,y) < dG.^{x,y) < G{m)da{x,y) 
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The proof of Lemma 5.1 is identical to that of Lemma 2 in [T]. The next 
lemma is a simple application of the Mean Value Theorem and its proof is 
left to the reader. 


Lemma 5.2. For allm > 0 there exists c(m) > 1 such that for all a G [0, m] 
and X, y G M with |x| > \y\, 

c(m)“^|x|“|x — y\ < |x|x|" — 2 /|y|“| < c(m)|x|“|x — y\. 

For each number a G [N, N + define Ha : Gq, —>■ M x {0} x M C 
to be the mapping 


Ha{xi,X2) = (xi|xi|“,0, . . . ,0,X2). 

It is known that Ha is an T^'-q^asisymmetric mapping with rj' depending 
only on V, n; see e.g. [U Theorem 2]. 

We are now ready to prove Theorem |l.l| for rational a > 0. The argument 
in this case is analogous to those of [221 Theorem 1.1] and |231 Theorem 5.1]. 


Proposition 5.3. For all integers N > 0 and n > 1, there exists L > 
1 depending only on N,n such that, for each rational a G [N,N + ^^^], 
there exists an L-bi-Lipschitz homeomorphism of Gq onto a 2-dimensional 
quasiplane Va C 


Proof. Fix a rational o. G [N, N + ^^] and let A and Fa : 
be the constant and ry-quasisymmetric map, respectively, of Proposition |4.1| 
with A and rj depending only on N, n. The composition Fa o Ha is a homeo¬ 
morphism from Gq, onto the quasiplane Va = Fq,(Mx {0} xM). We show that 
Fa o Ha is L-bi-Lipschitz with L depending only on A, the quasisymme tric 
data r],r]’ of Fa, Ha, respectively, the constant C{N of Lemma 5.1 

and the constant c{N of Lemma 5.2, thus L depends only on N, n. 

at most on N,n. 

a^ij > |yi|- 


The comparison constants below depend at most on N, n. 

Let X = {xi, X2), y = (yi, 2/2) be points in Ga and assume that 
The proof splits into four cases. 

Case I. jxij > 0, jxi—yij < Jxij/d, and 1x2—y 2 l < Then, jxij : 

jyij and the Grushin distance satisfies 2/) — — yij + |2;il~“lx2 — y2 


Moreover, by Lemma |5.2[ 
If Haiy) £ B{Ha{xf^\ 
Fa o Ha{y)\ \xi - yi\ -h 


Haix) - Ha{y)\ Ixil'^lxi - yi 
then Proposition 

— a 


Xl 

|xi 


4.1 

|x 2 - y 2 l ^ dG^{x,^. 


+ \X 2 - y 2 \- 
yields \Fa o Ha{x) — 


Otherwise, \Ha{x) — Ha{y)\ — Ixij^"''". Let z G Gq such that \Ha{x) — 
Ha{z)\ = jxij^''““/2. Then the quasisymmetry of Fa and Ha implies \Fa o 
Ha{x) - FaO Ha{y)\ ^ JLq o Ha{x) - Fa o Ha{z)\ ~ dG^{x, z) ~ dGSx,y). 

Case H. jxij > 0, jxi — yij > lxij/4, an d 1x 2 — y 2 l < \xi\^^'^/2. Then, 
dGa y) — |3;i — yi] — Jxij and, by Lemma \Ha{x) — Ha{y)\ — jxij^"''". 
Similar to the second part of Case I, \Fa o Ha{x) — Lq o Ha{y)\ — dQ^ (x, y). 
Case HI. jxij > 0 and jx 2 — y 2 l > la:il^“'““/2. T hen, d((j^(x,y) 

yij + |a ;2 — y 2 |^'^*'^^“^ — ^2 — y 2 |^^^^’'"“^- By Corollary 4.2 ILqO 

1 1 -' 

Ha{y)\ \Ha{x) - Ha{y)\^+°‘ cz \x2 - y2l ^ dG,,{x,y). 

Case IV. Xl = 0. Then, \Fa o Haix) - Lq o Haiy)\ v) by taking 

limits in Case III. □ 


Xl - 

(x) -FaO 
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5.2. Proof of Theorem |1.1| when a is irrational. The following lemma 
deals with the bi-Lipschitz embeddability of Gq into for all real a > 0. 


Lemma 5.4. For all integers N >0 and n>l, there exists L > 1 depending 
only on N, n such that for all a G [N, A^+ there exists an L-bi-Lipschitz 
embedding fa ■ Gq —)• 


Proof. Fix a number a G [N, N + and let ((7A;)fceN be a sequence of ratio¬ 
nal numbers in [A^, A^-|- converging to a. Note that limfc_^oo {x, y) = 

!>2 


d^a y) each x,y G By Proposition 
ing only on N, n such that, for each qk 


5.3 


there exists L > 1 depend- 


there is an L-bi-Lipschitz map 
]^A+ 2 _ It is clear by their construction that each maps (0,0) 
to (0,...,0) G M^+2. 


f<]k • ^qk 


Let £/ = {ai,a 2 ,... } be a countable dense set in {Ga,dQ^). Note that, 
for each i G N, \fq^{ai)\ < LdQ^^(ai, (0,0)). Hence, for each i G N, the 
sequence {fqk{cLi))keN is bounded. Define, for each i G N, a subsequence of 
(/gJfcsN as follows. Set (/°)fceN = (/gJfceN and for each i G N let {fl)ken 
be a subsequence of (/^~^)fceN so that ifl{ai))k£N converges. Then, for each 
at G jz/, the sequence (/^(ai))fceN converges. Set /(oj) = lim^^oo /fc (oi)- 
We claim that / : (ja/, —)■ is L-bi-Lipschitz. Let 21,^2 G £/ 

and e > 0. Choose A; G N big enough so that 

(5.1) Ifki^i) - ^ for each z = 1, 2 


and if = fqi^k) for some q{k) G {gi, 92 , ■ ■ • } then 


(5.2) |dG,(fc)(5;i,22) -dGc(^l,^2)| < 

and ( |5.2[ ) we have that 

1 /(^ 1 ) - fiz2)\ < LdQ^{zi,Z2) Pe. 

Similarly, \f{zi) — f{z 2 )\ > xd^dzi, Z 2 ) — Since e is arbitrary, the claim 
follows. 

Using the density of £/ in Gq, the mapping / can be extended to all 
Go uniquely. It remains to show that / : Gq —)• is L-bi-Lipschitz. 

Let a:i,X 2 G G^ and e > 0. Find zi,Z 2 G £/ such that for each z = 1,2, 
dG^{xi,Zi) < ^ and \f{xi) - f{zi)\ < f. Then, 

\fixi) - f{x2)\ < LdG^{zi,Z2) + I < LdG^(xi,X2) -t-e. 

Similarly, |/(xi) - f{x 2 )\ > (xi, 0 : 2 ) - £• Since e is arbitrary, / is 

L-bi-Lipschitz. □ 


Combining (5.1 


We now prove Theorem o 

Proof of Theorem o Let a G [A^, N + and (qk) be a sequence of ra- 
tionals in [A^, N + converging to a such that the L-bi-Lipschitz maps 

converge to an L-bi-Lipschitz map fa ■ Gq, —>■ as in 

: M ^+2 


fqk — ^qk ° ^qk 


the proof of Lemma 


5.4 


Here F, 


4.1 


qk 


^N+2 

is the quasisymmetric 


H, 


qt,{x, y) = (x|x|'^'=, 0,..., 0, y) is the quasisym- 


mapping of Proposition 
metric mapping of Gg^, onto and L depends only on N, n. Note that the 
mappings ddg^ converge pointwise to the mapping Ha = (x|x|",0,... ,0,y) 
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and that the mappings fix the origin of and the vector (0 ,..., 0,1). 

By [T2l Corollary 10.30], passing to a subsequence, we may assume that Fq^ 
converges to a quasisymmetric mapping Fa- Then, fa = Ha o Fa, and 
the image of fa is ^ 0 ,( 1 ^ x {0} x M) which is a 2-dimensional quasiplane in 
M^+2. □ 


6. Appendix 


This section gives the construction of the paths Ji{N, n), Jl{H, n) used in 
Section 3.3 and the proof of Lemma |3.1[ In Sect ion [6T| we construct for each 
integer > 0 and each integer M = 4A: + 5 > 9 paths {M), 
which serve as a base for the construction of paths Ji{N,n),JL{N,n 


m 


Section 6.2 Then, in Section 6.3 we show Lemma |3.1 


6.1. Auxiliary paths. Let A > 0 and M = 4A: + 5 > 9 be integers. The 
paths {M), {M) are defined by induction on N. 

For an integer M = 4/c-|-5 > 9 let Jj{M) be the segment / C which we 
divide into M disjoint /-segments Im of length 1/M. Similarly, let 
be the segment L C which we divide into M disjoint I- and L-segments 

im of length 1/M where / m-i is an L-segment and the rest are /-segments. 

2 

To obtain replace each pair of /-segments im U im+i, where m G 

{2,4,..., , ^ 2 ^ ,..., M — 4, M — 2}, by a swath containing I- and 

L-segments of length 1/M running in the negative xi-direction; see Figure]^ 
for a schematic representation. Precisely, jj{M) contains swaths and 
each swath contains 4 L-segments and pairs of consecutive /-segments. 
Here we make use of the fact that M = 4fe -|- 5. 

To obtain jf{M) replace each of the (M — 5)^/4 pairs of consecutive 
/-segments in by a swath containing many /- and L-segments 

of length 1/M running in the positive xa-direction; see Figure [B Note 
that A/(A/) contains (M — 5)^/4 new swaths, each containing pairs of 
consecutive /-segments. 

Proceeding inductively, we obtain for each integer A > 0 and each integer 
M = 4A:-|-5>9a path Denote by {M)) the total number of 

I- and L-segments in [M), and by (M))* the total number of pairs 

of consecutive /-segments. Then, {^jf{M)) = M, d^Jj{M))* = and 
for A > 1 


(#A/^(M)) = - 3) 

Therefore, 

(# J/^(M)) = M + (M - 3)(M - 


and 




{M - 5)^+1 
2^+1 ' 


The paths {M) are constructed similarly; see Figure 
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Figure 1. The paths and a swath in the 

extra dimension. 


6.2. Construction of the paths J/, Jl- Fix integers N > 0 and n > 1 and 
set M = M 7 v,n = We first construct paths Ji{N,n) and JL{N,n) 

as an extension of and ■, respectively, in an extra dimension. The 
required paths Ji{N, n) and Jl{N, n) are obtained after applying a suitable 
rotation to Ji{N,n) and JL{N,n) respectively. 

We work first for Ji{N, n). To construct Ji{N, n) we use the path {M) 
which contains M' = — pairs of consecutive 

/-segments. Replace each pair of /-segments /m U fm+i in [M), m = 
1, ..., M\ by a swath consisting of 2km + ‘^ many I- and L-segments, running 
in the positive XAr+ 2 -direction. Here, 0 < fcm < (if km = 0 then the 

swath contains only imYm+i and if /cm > 1 then it contains 4 L-segments 
and 2{km — 1) /-segments). The resulting path is denoted by Jj{N,n). 
Moreover we require that the swaths are chosen in such a way that Ji{N, n) 
is symmetric with respect to the plane xjv+i = 1/2. Hence, for each m G 
{1, • • • , M'} there is m' G {1,..., M'}, m Y fn' such that km = km'- 

The path Jj{N,n) must consist of many I- and 

L-segments of length 1/M. Thus, we require that 

2(/i + ^2 + • • • + kM') + 2M' + ((#J/^(M)) - 2M') = 


or equivalently 

(6.1) /ci -|- A;2 T ■ ■ ■ T ~ 


^JV+2-l/n _ (^^jN^M)) 


The symmetry of Ji{N,n) implies that the left hand side of (6.1) is even. 
Moreover, since M is a multiple of 9, the right hand side of (6.1) is also even. 
Since each km can take any integer value in [0, M — 3], the left hand side of 
(6.1) can take any even integer value in [0, 2(M — 3)M'] and it is enough to 
show that 

Indeed, since M = 

(M-3)(M-5)^+1 1 

2{M-3)M' = - -- - ->( —-—j 

Properties (l)-(4) of Section 3.3 are immediate. The proof of property 
(5) is almost identical to the proof of Lemma 3.1 in the following section. 
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The path is obtained similarly. In this case we require symmetry 

with respect to the plane xi + xn+i = 


6.3. Proof of Lemma |3.1| , We show Lemma 3.1 for z = p and Q = Qj. 
Similar arguments apply when Q = Ql- For the rest, T" = To- 

By Section 6.2, each Jj{N,n) is constructed as a sequence of paths I = 
Ji, J2 ,..., JAr+2 = Jii^, n) where each Jk lies in a fc-dimensional subspace 
of ]^A''+2 is constructed by replacing pairs of /-segments /mU/m+i 

of Jk by swaths = /m U UHere, Im C Im, I'm+i C /m+i are line 
segments and is a polygonal arc perpendicular to the /-plane containing 
Jk- Associated to each Jk we consider a core Kk = T^~^^{Jk, 

Each core Kk consists of Mk many I- and L-blocks Qk,mi m = 1 ,..., M^. 
Here Mk = (# if / = 0,..., A^+1, and Mn +2 = M^+PN,n ^ith m = 

gn(Af+2)_ Similar to the path T, each core Kk is constructed by removing 
certain pairs of /-blocks from Kk-i and replacing these pairs by solid swaths 
S = Note that ki = kq{Q). 

For each fc, m the side s{Qk,m) has a fibration into /-segments (if Qk,m is 
an /-block) or L-segments (if Qk,m is an L-block) similar to the hbrations 
{Ix}-,{Lx} of Section 3.6 The hbrations of the sides of Qk,m induce a 
hbration of the side s{Kk) = where Tk,u is a polygonal arc, u £ 

d(rN+i Pi s{Qk,m) is a hber of s{Qk,m)- As with the paths Jk, each 

Ffc+i^u is constructed by replacing certain line segments of F^^u by hbers 
which he on the new solid swaths of Kk+i- Note that if tt is a vertex of 
then Tk,u is an edge of Kk and T]y^ 2 ,u is an element of the hag-path wjtq of 
{Qi')- 

For the construction of we hrst map Tp{Q) onto to{Q) and then we 


compose with 0^°. 

Step 1: We map {Q, kn+ 2 ) onto {Q, ki). We construct a bi-Lipschitz map 
in Q which hxes dQ and maps kn +2 onto kn+i by compressing each solid 
swath onto the two /-blocks of kat+i which it replaced. The map is dehned 
in a neighbourhood of each solid swath. 

For each solid swath S C kn+ 2 , consider a {N + 2)-box Q{S) C Q which 
contains S and satishes the following properties, 


(1) each face of Q{S) is parallel to a coordinate (A^ -|- l)-hyperplane; 

(2) Q( 5 ) n kn+2 = S] 

(3) Q{S) and Q{S') have disjoint interiors if 5 / S'. 


For each solid swath S C kn +2 we construct a bi-Lipschitz isotopy $5 : 
Q{S) X / —)• Q{S) such that ^s{-,t)\dQ{S) = id for all t £ [0,1], <I>5(-,0) = 
id, and <h5(-, 1)|5 is a PL bi-Lipschitz map of S onto the two /-blocks of 
kn+i that S replaced. By PL bi-Lipschitz isotopy, we mean that the induced 
mapping gt^t 2 = ‘^5(‘b5^(-, ti), t2) is piecewise linear and (1 -|- C'|t2 — H|)- 
bi-Lipschitz for some constant C > 0 and all ti,t 2 £ [0,1]. Note that 
9tlt2 9t2ti ■ ^ ^ 

Fix a solid swath S C kn +2 and write Q{S) = Q and $5 = <I>. Suppose 
that 5 = Q) U • • • U Q' 2 m where Q' are blocks of k Ar+2 and that S has replaced 
two /-blocks Ql U Q 2 of kat+i. 

If m = 1 then Qi = Q'^, Q 2 = Q '2 and <I> is the identity in Q. 
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Suppose now that m > 2. We write Qi = and Q'j = 

-y-A+2(£/^ M^) — 1^2 and j = 1 , ..., 2m where are /-segments, 

is an L-segment when i = l,m, m -|- 1,2m and an /-segment otherwise. 
Let i be an /-segment of length intersecting both /i and i 2 - Define 
£i = ii\ /, l 2 m = ^2 \ ^ and be a partition of £ into /-segments of 

length ^2m-l)i0M - 

Let : d{Q \ 5) x / —)• Q be a PL bi-Lipschitz isotopy on d{Q \ S) 
such that ^{■,t)\dQ = id for all t G [0,1], <h(-,0) = id, and $(•, l)|cl5 maps 
each Q'- onto Qj = T{£j,^^), while each L n+ 2 ,u H Q'- is mapped onto 

rAr+i,u n Qj by arc-length parametrization. Let Sj = ^{d{Q \ S),t). 

We use the following theorem of Vaisala on bi-Lipschitz extensions. 


Theorem 6.1 f [201 Corollary 5.20]). Let n >2 and S C M"' be a eompact 
piecewise linear manifold of dimension n or n — 1 with or without boundary. 
Then, there exist L',L > 1 depending on S, such that every L-bi-Lipschitz 
embedding / : S —)• extends to an L'-bi-Lipschitz map F : —)> MF. 


By Theorem 6.1, for each t G [0,1], there are constants Lt,L[ > 1 such 
that any Lt-bi-Lipschitz map f : T,t ^ has an L^-bi-Lipschitz exten¬ 
sion F : —>■ 1^-^+^. For all t G [0,1], there is an open interval At such 

that 1-|-C|s —1| < Lt for all s G A^. Cover [0,1] with finitely many intervals 
{AtjYj^i, where 0 = to < < • • • < = 1 and At^_^ n At- / 0. For each 

j = 1,..., / set 02j = tj and a 2 j-i G At-_-^ n Atj. Then, each .o,,,, extends 


to a bi-Lipschitz map Gajaj+i ■ —>■ Hence, G, 


0.21-10,21 


'jOj + l 

o.. 


oG, 


OOOl 


is a bi-Lipschitz self-map of Q. The respective bi-Lipschitz maps on each Q 
can be pasted together and the resulting map is still bi-Lipschitz. 

Similarly we use a bi-Lipschitz map in Q that maps kat+i onto kn sat¬ 
isfying all the properties of the previous bi-Lipschitz map. Inductively, we 
obtain a bi-Lipschitz map 


0^ : {Q, K,]\f^2) (Q)^i) 


such that 0' is identity on dQ, maps each FAr+2,M on Fi^,j and every block 
QAf+2,m in the core KAr+2 is mapped to a block T^~^'^{£, where £ = £{m) 
is a straight line segment lying on Ji. Note that Ji and all fibers Fi^„ of ki 
are straight line segments isometric to each other. 

Step 2: We straighten the images o/Fjv+2,u- Consider the line segments 

^'n+2,u{'<^) = 0^(rAf+2,n n QN+2,m) 

and let ^N+ 2 ,uii^)- The family {r)v+2,„}«e£^+i is a hbra- 

tion of Ki = ko{Q) and if u is a vertex of then F)y_|_2 „ is an edge of 

Ki- Let 0" : Q ^ Q he a bi-Lipschitz mapping which is identity on dQ 
and linear on each r)y_|_2„(m). Moreover, for all u,m, 0^^(r)Y_,_2 „(m)) lies 

on F)y_(_2„ and its length is 1/M. Define now 0^° = (0')“^ o (0")“^ o 0^° 
and the proof is complete. 


References 

[ 1 ] C. Ackermann. An approach to studing quasiconformal mappings on generalized 
Grushin planes. Ann. Acad. Sci. Fenn., 40(l):305-320, 2015. 








BI-LIPSCHITZ EMBEDDING OF THE GENERALIZED GRUSHIN PLANE 


19 


[2] A. A. Agrachev, U. Boscain, G. Chariot, R. Ghezzi, and M. Sigalotti. Two- 
dimensional almost-Riemannian structures with tangency points. Ann. Inst. H. 
Poincare Anal. Non Lineaire, 27(3):793-807, 2010. 

[3] A. A. Agrachev, U. Boscain, and M. Sigalotti. Two-dimensional almost-Riemannian 
manifolds. In Subelliptic PDE’s and applications to geometry and finance, volume 6 of 
Lect. Notes Semin. Interdiscip. Mat., pages 17-31. Semin. Interdiscip. Mat. (S.I.M.), 
Potenza, 2007. 

[4] L. V. Ahlfors. Quasiconformal reflections. Acta Math., 109:291-301, 1963. 

[5] P. Assouad. Plongements lipschitziens dans R". Bull. Soc. Math. France, 111(4):429- 
448, 1983. 

[6] A. Bellaiche. The tangent space in sub-Riemannian geometry. In Sub-Riemannian 
geometry, volume 144 of Progr. Math., pages 1-78. Birkhauser, Basel, 1996. 

[7] A. Beurling and L. Ahlfors. The boundary correspondence under quasiconformal map¬ 
pings. Acta Math., 96:125-142, 1956. 

[8] C. J. Bishop. A quasisymmetric surface with no rectifiable curves. Proc. Amer. Math. 
Soc., 127(7) :2035-2040, 1999. 

[9] M. Bonk and J. Heinonen. Smooth quasiregular mappings with branching. Publ. 
Math. Inst. Hautes Etudes Sci., (100):153-170, 2004. 

[10] G. David and T. Toro. Reifenberg flat metric spaces, snowballs, and embeddings. 
Math. Ann., 315(4):641-710, 1999. 

[11] B. Franchi and E. Lanconelli. Une metrique associee a une classe d’operateurs el- 
liptiques degeneres. Rend. Sem. Mat. Univ. Politec. Torino, (Special Issue): 105-114 
(1984), 1983. Conference on linear partial and pseudodifferential operators (Torino, 
1982). 

[12] J. Heinonen. Lectures on analysis on metric spaces. Universitext. Springer-Verlag, 
New York, 2001. 

[13] J. L. Lewis and A. Vogel. On pseudospheres that are quasispheres. Rev. Mat. 
Iberoamericana, 17(2):221-255, 2001. 

[14] D. Meyer. Snowballs are quasiballs. Trans. Amer. Math. Soc., 362(3):1247-1300, 2010. 

[15] W. Meyerson. The grushin plane and quasiconformal jacobians. arXiv preprint 
arXiv:1112.0078, 2011. 

[16] P. Pankka and J.-M. Wu. Geometry and quasisymmetric parametrization of Semmes 
spaces. Rev. Mat. Iberoam., 30(3):893-960, 2014. 

[17] S. Semmes. On the nonexistence of bi-Lipschitz parameterizations and geometric 
problems about Aoo-weights. Rev. Mat. Iberoamericana, 12(2):337-410, 1996. 

[18] J. Seo. A characterization of bi-Lipschitz embeddable metric spaces in terms of local 
bi-Lipschitz embeddability. Math. Res. Lett., 18(6):1179-1202, 2011. 

[19] J. Vaisala. Lectures on n-dimensional quasiconformal mappings. Lecture Notes in 
Mathematics, Vol. 229. Springer-Verlag, Berlin-New York, 1971. 

[20] J. Vaisala. Bi-Lipschitz and quasisymmetric extension properties. Ann. Acad. Sci. 
Penn. Ser. A I Math., ll(2):239-274, 1986. 

[21] V. Vellis and J. M. Wu. Quasisymmetric spheres over Jordan domains. Trans. Amer. 
Math. Soc., to appear. 

[22] J.-M. Wu. Bilipschitz embedding of Grushin plane in Ann. Sc. Norm. Super. Pisa 
Cl. Sci., to appear. 

[23] J.-M. Wu. Geometry of Grushin spaces. Illinois J. Math, to appear. 

Department of Mathematics , University of Illinois at Urbana-Champaign, 

Urbana, IL 61801, USA 

E-mail address: romney2@illinois.edu 

Department of Mathematics and Statistics, P.O. Box 35 (MaD), FI-40014 

University of Jyvaskyla, Jyvaskyla, Finland 
E-mail address: vyron.v.vellis@jyu.fi 



